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This paper summarizes both theoretical and experimental studies aimed at synthesis of high-linearity
multi-element Josephson structures. Both the dynamic range and the voltage response linearity are
two conjugated characteristics that must be improved jointly. Increase in dynamic range is reasonably
associated with increase of number of elements N in the Josephson-junction structures. To improve
the voltage response linearity one can use special design of the array structures. The other way is based
on use novel basic cell with is bi-SQUID capable of providing highly linear voltage response. Both the
approaches were used in designs of the reported high-linearity multi-element Josephson structures.

� 2010 Elsevier B.V. All rights reserved.
1. Introduction

dc SQUIDs are known and widely used as extremely sensitive
amplifiers, but showing only limited linearity voltage response.
In conventional low-frequency SQUID systems, the improved line-
arity and dynamic range are obtained by using an external feed-
back loop which has limited bandwidth. Such an external
feedback approach is unfeasible in case one needs to design a
SQUID-based system with very broad bandwidth. A solution may
be found by using Josephson-junction array structures which could
provide the increase in dynamic range with number of elements N.
As for the voltage response linearity increase, two different ap-
proaches can be suggested. The first one is based on use of special
design of the structures, and the second approach consists in
invention of a novel dc SQUID capable of providing highly linear
voltage response.

In this paper, we present theoretical and experimental results
achieved for the two approaches to synthesis of the high linearity
array structures.
2. Differential scheme of two parallel SQIFs

Recently we have proposed Josephson-junction structures capa-
ble of providing a SQIF-like (Superconducting Quantum Interfer-
ence Filter) high linearity voltage response [1]. The structures are
based on the use of a differential scheme (see Fig. 1) of two mag-
netically frustrated parallel SQIFs with special distribution a(x) of
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: +7 495 939 3000.

al., Physica C (2010), doi:10.10
the cell areas along the array and critical current biasing Ib = (Ic)SQIF.
We found the normalized cell area distribution

aðxÞ=aR ¼ 1:2� 0:48 sin3ðpxÞ; ð1Þ

(here aR is total area of SQIF) which allows providing the response
linearity up to 100 dB at vanishing inductances l between junctions.

Unfortunately finite (non-zero) value of the coupling induc-
tances l has fundamental importance for all principal characteris-
tics of the parallel array, since it imposes limitations on coupling
radius as shown in Fig. 2.

The increase in dynamic range is limited by the coupling radius
value at signal frequency (x < 0.1) whereas the radius value at
Josephson oscillation frequency (x � 1) severely limits the effec-
tive number Neff of the junctions which take part in the voltage re-
sponse formation. One can shunt the coupling inductances by low-
ohmic resistors to provide some increase in the coupling radius
and hence in the number Neff [2]. As for dynamic range D, the re-
quired value of D can be achieved by serial connection of an appro-
priate number of the parallel-SQIF circuits.

We designed and fabricated a two-dimensional structure using
a 4.5 kA/cm2 Nb HYPRES process [3]. This is a differential circuit of
two magnetically frustrated serial arrays of 10 parallel SQIFs each
containing 10 Josephson junctions. Low-ohmic resistors shunting
coupling inductances were used to increase the described above
effective number Neff up to about 10. The standard design and fab-
rication of serial arrays with two superconducting ground planes
lead to the high enough stray capacitances. In order to decrease
impact of the stray capacitances which are characteristic for the
standard designs with two superconducting ground planes, we
used individual double ground plane sections for each SQIF of the
serial array [2].
16/j.physc.2010.02.048
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Fig. 3. The measured by automated setup OCTOPUX [4] differential voltage
responses of two magnetically frustrated serial arrays of 10 parallel SQIFs each
containing 10 Josephson junctions at different magnetic frustrations DU1, DU2 and
DU3. The response corresponding to DU1 is shifted (along horizontal axis) for
clearness.

Fig. 4. Bi-SQUID (a) and equivalent circuit of bi-SQUID with an additional
transformer loop coupled to a control stripline for magnetic flux application (b).

Fig. 5. Voltage response (numerical simulation) of conventional dc SQUID (dash
line) and bi-SQUID (solid line) with normalized inductance l = 1 at bias current
Ib = 2Ic and Ic3 = 1.1Ic.

Fig. 1. Differential scheme of two parallel SQIFs frustrated by U0/2.

Fig. 2. Josephson-junction coupling radius for parallel array versus impedance of
the coupling inductances used.
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Fig. 3 presents the experimentally observed differential voltage
responses corresponding to different magnetic frustrations DU1,
DU2, DU3 of the serial arrays of SQIFs. The measured characteris-
tics are in full correspondence with the ones obtained by numerical
simulation.
3. Bi-SQUID

We modified conventional dc SQUID by adding a nonlinear
inductive element shunting the linear inductance of the loop cou-
pling RF magnetic flux into the SQUID (see Fig. 4a). The nonlinear
inductive element is a Josephson junction that remains in its
Please cite this article in press as: V. Kornev et al., Physica C (2010), doi:10.10
superconductive state during operation. This nonlinear element
modifies the nonlinear transfer function of the SQUID to produce
higher linearity transfer function, thus increasing the utility of
the device as a linear amplifier. The nonlinear small-signal shunt
inductance is the Josephson-junction inductance

LJ ¼ U0 2pIc3

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� i2

p� ��1
; ð2Þ

where i = Ish/Ic3 is the normalized current passing through the shunt
junction. The effective loop inductance is a parallel combination of
the main inductance L and the Josephson inductance LJ. The addi-
tional junction and main inductance form a single-junction SQUID.
In such a way, the modified dc SQUID can be called as bi-SQUID.
Fig. 5 shows the voltage response of both the conventional dc
SQUID (dash line) and bi-SQUID (solid line) with normalized induc-
tance l = 2pIcL/U0 = 1 at bias current Ib = 2Ic, and Ic3 = 1.15Ic. This
shows a triangular transfer function where the triangle edges are
quite straight. Such a device implementation makes use of a Joseph-
son junction as a nonlinear inductive element that can largely com-
pensate the nonlinearity associated with the conventional SQUID
transfer function.

3.1. Voltage response linearity

The dc SQUID, modified by adding a Josephson junction shunt-
ing the loop inductance, provides extremely high linearity with the
proper selection of parameters. This is somewhat surprising, since
a Josephson junction is a nonlinear inductance. However, the junc-
tion nonlinearity is able to compensate the nonlinearity of the de-
vice in order to achieve an improved linearity close to 120 dB for
significant loop inductances (which are necessary to achieve large
coupling to external signals). One can note that other Josephson
16/j.physc.2010.02.048
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Fig. 6. Dependence of the bi-SQUID voltage response linearity on critical current of
the shunt junction for several fixed values of normalized loop inductance l at bias
current Ib = 2Ic.

Fig. 7. (a) The measured by OCTOPUX [4] voltage response of bi-SQUID with equal
critical currents of all junctions and inductive parameter l = 1.4. (b) Top part of the
response and the fit curve Instable part of the top loop is shown by dash line.
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nonlinear reactance that functions in a similar way would have a
similar effect on reducing the transfer function nonlinearity of
more complex Josephson systems.

The linearity dependence on the shunt junction Ic3 on critical
current at different inductances of the bi-SQUID loop is shown in
Fig. 6. The linearity is calculated using a single-tone sinusoidal flux
input (of amplitude A/Amax = 0.2, where Amax corresponds to the
flux amplitude U0/4), and measuring the total harmonic distortion
in dB. This result shows that the linearity is sharply peaked for each
value of l, but with different optimized values of Ic3. Very large val-
ues of linearity as high as �120 dB are achievable.

3.2. Analytical theory

We performed analytical study of such a symmetric bi-SQUID in
the frame of RSJ model of overdamped Josephson junctions. It is
more convenient to use the sum phase h = /2 + /1 and the differen-
tial phase w = /2 � /1 instead of the phases /1 and /2 of the basic
Josephson junctions. In resistive state, the sum phase h is the running
one while the differential phase w is a bounded function which may
be represented as a sum of the slow-varying (signal) phase �w
depending on applied magnetic flux ue and the oscillating phase ~w.

In case of bi-SQUID, one can consider the oscillating phase dif-
ference ~w as a small term. Due to the shunt junction, the term ~w re-
mains small at quite practical inductance parameter l � 1 (this fact
is proved by numerical simulations). Therefore we may apply
method of successive approximations for the equation solution
and use the series distributions for h and w as follows:

h ¼ h0 þ h1 þ � � � ; w ¼ w0 þ w1 þ � � � ;

To a first approximation corresponding to h � h0, w � �w � w0 when
small term ~w is neglected, after averaging over Josephson oscilla-
tions we come finally to the following set of two equations:

v ¼ 1
2
h _h0i ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
i2
b

4
� cos2 w0

2

� �s
: ð3Þ

lic3 sinðw0Þ þ w0 ¼ �ue; ð4Þ

The first term in (4) setting nonlinear relation between applied
magnetic flux and differential phase w0 is just the term responsible
for linearization of the bi-SQUID transfer function v(ue). The ob-
tained set of equations (3) and (4) gives voltage response (transfer
function) of bi-SQUID v(ue) as an implicit function.

Despite the fact that the developed analytical theory is strictly
valid at strong inequality ~w� p=2, and in case of weak inequality
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Eqs. (3) and (4) should be considered only as a first approximation,
the obtained theoretical results are in a good agreement with the
results of numerical simulations (by PSCAN [5]) of the bi-SQUID
at inductive parameter l of about 1 and even more.

3.3. Experimental study

We designed, fabricated and tested bi-SQUID using a 4.5 kA/cm2

Nb HYPRES process [3]. To apply magnetic flux, we used a control
stripline coupled magnetically with an additional transformer loop
(see equivalent circuit in Fig. 4a). This loop with high inductance
Lex is connected in parallel to inductance Lin and therefore practi-
cally does not change the interferometer inductance.

Fig. 7 shows the measured voltage response of the bi-SQUID
biased by a current slightly more than critical current 2Ic. The
shunt junction critical current was not of the optimal value at
the implemented inductance parameter. As a result, the observed
voltage response is not perfectly linear, although it shows a clear
triangular shape. The measured transfer function closely coin-
cides with the one calculated numerically. As for the small hys-
teresis at the flux value close to ±U0/2, it indicates that
effective inductance parameter of a single-junction SQUID
l* � l � ic3 � 2pLIc3/U0 is more than 1 and hence the static phase
diagram becomes hysteretic. Fig. 7b shows the top part of the
measured voltage response and the fit curve calculated using
set of equations (3) and (4).
4. Conclusion

Experimentally observed characteristics of the designed and
fabricated circuits confirm the proposed design solutions. This is
16/j.physc.2010.02.048
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of critical importance for the further development of the Joseph-
son-junction structures capable of providing high dynamic range
and highly linear voltage response.
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